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Abstract—The small-scale (~10") stochastic properties of the solar magnetic field B are analyzed in
terms of the two-dimensional model of a fractal Brownian process (the mean square of the difference
between the field strengths at two points separated by a distance D is proportional to D). Digitized solar
magnetograms with a 2" resolution are used to determine the standard deviation s of the magnetic field and
the exponents H at various levels of |B|. It has been established that the transition from the background
magnetic field to the fields of an active region occurs near 25—50 G. A dependence of the exponent H on
the magnetic field amplitude has been derived. The exponent H for the background magnetic field has been
found to be much smaller than that for the fields of an active region. The relationship of the results obtained
to certain fundamental properties of plasma in a magnetic field is discussed.
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DATA PROCESSING

With the advent of digitized solar magnetograms
with a ~2” resolution (the SOHO/MDI archive,
everyday magnetic maps), it has become possible
to study the small-scale (~10") stochastic proper-
ties of the solar magnetic field (Abramenko et al.
2002; Abramenko 2005; Nesme-Ribes et al. 1996;
Salakhutdinova and Golovko 2005; Chumak 2005).
Information about the structure of the solar magnetic
field can be obtained by analyzing the dependence
of the mean square of the difference between the
magnetic field strengths at two points on the square
of the distance between these points. We tested the
two-dimensional model of a fractal Brownian process
(Potapov 2005) to describe these properties. In this
model, the variations in the solar magnetic field
B(z,y) at small distances D = [(Az? 4+ Ay?)]'/?
obey the relation

([B(z,y) — Bz + Az,y + Ay)*) o« D, (1)

where the brackets () denote averaging and the ex-
ponent H (0 < H < 1), which was called the Hurst
exponent by Potapov (2005), characterizes the irreg-
ularity (roughness) of the B(x,y) surface. (Below,
we will not use this term lest H be confused with
the classical Hurst exponent for the one-dimensional
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case.) The smaller the exponent H, the rougher the
B(xz,y) surface. (The roughness itself can probably
be interpreted as a manifestation of the hierarchy of
magnetic flux tubes with various sizes.)

Finding the exponent H is reduced to calculat-
ing (using a magnetogram) the function V(L) =
([B(z,y) — B(x + Az,y + Ay)]?) (where the aver-
aging is performed over all Az and Ay for which
Az? + Ay? = L) and to estimating the coefficient H
in the regression equations

logV(L)C + HlogL, L<Ly=d? (2

where C' is a constant and d is the maximum scale
used in finding H. Irrespective of the degree of ac-
curacy of (1), the derived exponent is an independent
characteristic of the small-scale structure. As will be
shown below, this characteristic provides informa-
tion about the temporal variations in the small-scale
structure and about the distinctive features of this
structure under various physical conditions. Varying
the scale d, we can ascertain the distances D to which
Eq. (1) holds. Estimates show that D ~ 10”—20"
for the small-scale field under study. Remarkably, in
finding H, maps containing gaps in the B(x,y) data
can be processed; owing to this circumstance, the
scheme used below works.

We analyzed the central region of the solar disk
with latitudes ¢ = £30° and longitudes A = £30°
displayed by a 499*499-pixel map. In addition to the

844



SMALL-SCALE STOCHASTIC STRUCTURE

0.6 .

0.5F .

041 1

03F

02IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

0 5 100 15 20 25 30 35
t

Fig. 1. Temporal variations in the exponent H. The H
estimates were obtained at d = 4" (1), d = 10" (2), and
d = 19" (3) from the initial B data. The time is measured
in days from July 6, 2002.

original map, we considered 18 modified versions in
which the values of |B| were bounded by one of the
18 levels (A or a) listed in (3); when the correspond-
ing condition was violated, the value of B(x,y) was
replaced by a gap.

IB| < A, A= 2000, 1500, 1000, 500,
200, 100, 50, 25, 10,5, 3 G;

|B| > a, a=25,50,100,150,200,250,300 G.

The data of the original (unmodified) map are
subject to the condition |B] < A, A = 2500 G. For
19 versions of the map under consideration, we deter-
mined the standard deviations s of the magnetic field
and the exponents H (six estimates in each version
with different values of d, from 4” to 24”). Using the
described scheme, we processed all magnetograms
of the day under consideration (except for the non-
standard, averaged magnetograms marked in the
SOHO/MDI archive by an asterisk) and calculated
the daily mean s and H, which formed the basis for
the subsequent analysis.

To study the temporal variations in H, we chose
a 35-day interval (from July 7 through August 10,
2002) with dramatic changes in solar activity and
three days with weak activity (February 13, May 8
and 14, 2006) and processed 405 magnetograms per-
taining to these days. The chosen 35-day interval was
characterized by dramatic changes in Fyg 7, from 133
to 249, and by the presence of large-scale magnetic
fields of three regions with a strong field in the map.
On these three days with weak activity, F1g.7 was 74,
86, and 74 respectively.
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Fig. 2. Temporal variations in the exponent H obtained
at various magnetic field levels: (/) |B| > 50 G, (2) |B| >
25 @G, (3) |B] <2500 G, (4) |B] <200 G, () |B| <
100 G, (6) |B| <50 G, (7) |B| < 25 G; d = 10". The
time is measured in days from July 6, 2002.

RESULTS

Figure 1 gives an idea of the variations in the expo-
nent H in a time interval exceeding one solar rotation.
The H estimates were obtained from the original (un-
modified) maps for three values of the maximum scale
d (4”,10”, and 19”). As can be seen from the plots in
Fig. 1 and is confirmed by our calculations for all six
values of d, the B(z,y) surface on small scales is not
perfectly fractal: as the maximum scale d increases
from 4" to 24", the mean value of H does not remain
constant, but decreases by a factor of 1.5, from 0.46
to 0.31. Thus, the roughness of the B(x,y) surface
increases with d and this may be a manifestation of
the hierarchy of magnetic structures.

The relative variations in the exponent H calcu-
lated at different values of d are almost the same (in
all cases, the H variability coefficient is close to 0.2,
while the minimum correlation coefficient between
the H variations obtained for different values of d is
0.97). Therefore, in what follows, we will discuss the
results pertaining to one level, d = 10”.

The H variations themselves, as their comparison
with the map of the large-scale magnetic field shows,
are related to the solar rotation and to the passage of
active regions through the central meridian. Higher
values of H correspond to stronger magnetic fields.
A similar conclusion can be drawn from an exam-
ination of Fig. 2, which shows the H variations at
various magnetic field levels (7 of the 19 calculated
versions are displayed). The increase in H with |B| is
accompanied by two peculiarities. First, this increase
virtually ceases when going from the a = 25 G level
to the a =50 G level and further. Second, the H
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Fig. 3. Dependence H(s) derived from the data of a 35-day interval at d = 10”: (/) |B] < 50 G; (2) 2 G < |B| < 2500 G;

(3)|B| > 50 G; (4) | B| > 150 G.

variations observed at high |B| levels that are related
to the passage of active regions through the central
meridian are traceable to low levels, disappearing at
A =25 G. The graphic information is confirmed by
our correlation analysis of 19 versions of the H(t)
curves (in particular, the correlation coefficient be-
tween H for |[B| <100 G and |B| > 100 G is 0.54).
These peculiarities in the H variations suggest that
the division between the background and an active
region takes place at a level of 25—50 G.

The daily means of the standard deviation s of
the magnetic field and the exponent H obtained for
19 versions and 35 days allow us to construct the
dependence H (s) of the exponent H on the magnetic
field amplitude. In constructing this dependence, we
checked the reliability of the H estimates. An H
estimate was rejected as unreliable if Hyg/H14 > 1.3,
where H,, is the H estimate at d = m”.

Figure 3 presents the dependence H(s), which
includes about 500 points. For the convenience of
interpretation, we selected four areas in Fig. 3 with
different conditions imposed on the analyzed mag-
netic fields. In area / (i.e., at s < 16 G), |B| < 50 G;
in area 3, |B| > 50 G; in area 4, |B| > 150 G; and in
area 2, any values 2 G < |B| < 2500 G are possible,
but weak fields dominate. Area / pertains to the back-
ground magnetic field, while areas 3 and 4 pertain to
the magnetic fields of an active region. In area 2, a
mixture of the magnetic fields of the background and
active regions is analyzed and intermediate results
are obtained. The standard deviation s gives a idea of
the characteristic strength of the magnetic field under
study.

As follows from the estimates of Fig. 3, the expo-
nent H is 0.5—0.7 for the magnetic fields of an active
region and ~0.1 for the background field. Two more
circumstances are remarkable. There is no significant
dependence on the field amplitude in the H estimates
for the magnetic fields of an active region and the
estimates themselves are limited by 0.75. Thus, when
going from the background magnetic field to the fields
of an active region, the roughness of the B(z,y)
surface decreases, but does not disappear.

To improve the H estimates for the background
magnetic field, we analyzed the magnetograms ob-
tained for days with weak solar activity (February
13, May 8 and 14, 2006). Figure 4 presents the
H(s) estimates for seven versions: (/) |B| <5 G,
(2) [BI <10 G, (3) |B| <25 G, (4) |B| < 50 G, (5)
|B| < 100G, (6)|B| <200G,(7)|B| <500G. Three
estimates are given for each version (there are fewer
points where the estimates coincide).

Using a series of 13—14 H estimates for one quiet
day and determining the standard deviation of H in
this series, we can get an idea of the upper limit on
the error in H. For |B| <25 G and for each of the
three days, this value does exceed 0.0006. The error
for the daily mean estimate of H is a factor of 2—
3 smaller. This error is many times smaller than the
standard deviation of H (t) on curve 7 of Fig. 3, which
is 0.0024. Thus, for |B| <25 @G, the H variations
are considerably higher than the errors in H and the
absence of a correlation between the H variations for
weak and strong magnetic fields is not caused by the
level of errors in H.
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Fig. 4. Dependence H (s) obtained from the data of three
quiet days in 2006 at d = 10"”: (/) |B| <5 G; (2) |B| <
10 G; (3) |B| < 25 G; (4) |B| < 50 G; (5) | B| < 100 G;
(6)|B] <200 G;(7)|B| <500G.

The background dependences H(s) shown in
Figs. 3 and 4 for the quiet and active Sun are in good
agreement. Thus, the presence of active regions on
the Sun probably does not affect noticeably the small-
scale structure of the background magnetic field. The
data presented in Fig. 4 illustrate the stability of the H
and s estimates when passing from one quiet day to
another. The kink in the dependence H(s) at s = 10 G
may be related to the fact that the level of errors that
should be ~6 G in this case is reached.

CONCLUSIONS

Using the exponent H to describe the evolution
of the small-scale structure of the solar magnetic
field allowed us to reveal changes in this structure
with changing physical conditions. At relatively weak
fields, the magnetic field suppresses the turbulent
friction, causing the convective heating to be en-
hanced. This is how a photospheric facula arises
(Pikel'ner 1960). The required characteristic fields
can be easily estimated from the ratio of the magnetic
and kinetic energies. These energies are comparable
if the parameter

B

Vi (3)
where B is the magnetic field strength, V' is the
kinetic velocity, and p is the density, is close to 1.
For our estimate, assuming that p ~ 3 x 1078 cm™3
and v ~ 10° cm s~ at the level of 7 ~ 0.1 where the
strong Fraunhofer lines originate, we will obtain B ~
60 G. Since the suppression of turbulence begins at
0 slightly lower than unity, we may assume that our
conclusion that the magnetic field begins to smooth
its distribution at 25—50 G is in good agreement with
the theoretical estimates.

8=
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Approximately the same magnetic field strength is
believed to be characteristic of the boundaries of cal-
cium flocculi (Stepanov and Petrova 1959). However,
since the density is much lower at the Call emission
level, we may assume that our estimation will give an
even lower value.

As the field strength increases to several hun-
dred gauss, the magnetic field begins to suppress the
convection. In the presence of a magnetic field, the
standard condition for convective instability 7/ aq
is replaced by a different one:

B2

B? + 8nP

where 17 is the mean temperature gradient in the
medium dlogT'/dlog Py, /.4 is the adiabatic gra-
dient equal to 0.4, and P, is the gas pressure.
For instance, the gradient in sunspots exceeds only
slightly the adiabatic one (Obridko 1985); therefore,
the right-hand side of Eq. (5) is less than 0.1 (Zwaan
1975). At Py ~ 10°, we will obtain the boundary value
for B ~ 500 G. Since area 4 in Fig. 3 is defined by
the condition |B| > 150 G, we may assume that the
flat part in Fig. 3 means the region of suppressed
convection. Once this boundary has been reached,
the further “smoothing” ceases or slows down greatly.

<V — Vad, (4)
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