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The resonance scattering matrix for radiation in a magnetic field is derived. Agreement
has been achieved with the experiments of Hanle and the formula of Van Vleck.

There nas been increased interest in recent
years in astrophysics in the theory of formation
of spectral lines in stellar atmospheres inthe pres-
ence of magnetic fields.. This is due to the fact
that the presence of such fields, even if their in-
tensity is quite low, may have an appreciable ef-
fect both on the magnitude and direction of the
polarization of the escaping radiation. There-
fore, any studies of the polarization of radiation,
particularly at the solar limb, in prominences,
and so on, must take into account the possible in-
fluence of the magnetic field. It has been shown
[1, 2] that the physical parameters of sunspots
and of the atmospheres of magnetic stars, deter-
mined by the curve-of-growth method, are mod-
ified when the magnetic field is taken into account.
Finally, the theory of formation of spectral lines
in the atmospheres of magnetic stars is of par-
ticular importance in connection with the develop-
ment of magnetographs for the determination of
the three components of the solar magnetic fields
[3-4]. Adequate correlation between signals
measured directly by the instruments and the
magnitude and direction of the magnetic field can
only be obtained if a correct theory of line forma-
tion is available.

The equation for the transport of polarized
radiation in a nonisotropic medium as formulated
by Rozenberg [5] may be written in the form

ds,
P = +m)Se— (1 —e)
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Here the vector Sj is set up from the Stokes
parameters which we shall define as follows. Let
the electric vector of arbitrarily polarized light
in the system of coordinates which we have se-
lected be written in the form

z = Ejcos (of — &), y = Ez cos (f — &3). @)
The Stokes parameters will then be defined by
Si=I=87+8° S8 =Q=8>2—-¢7
Sy = U = 2E;E, cos (g; — &),
Sy =V = 2EE;sin (e — ea). @®)

There are other ways of defining these param-
eters. The general form of Eq. (1) will then re-
main the same but the special forms of the ab-
sorption matrix 7 and scattering matrix Djk will
change.

The absorption matrix 7y for the above Stokes
parameters was derived by Unno [6]. Stepanov
[7, 8] derived the absorption matrix independently
for the generalized Stokes parameters I, for which
the matrix 7;x becomes diagonal. Rachkovskii
[9, 10] has shown that the absorption matrices ob-
tained by Unno and Stepanov are equivalent if one
neglects effects associated with anomalous dis-
persion, and has established a more general ex-
pression in which these effects are allowed for.

The situation is somewhat more complicated
in the case of the scattering matrix Djx. Unno
does not take scattering into account, while Stepa-
nov [7] solves the transport equation on the assump-
tion that the absorption and scattering matrices
are identical, which is a very rough approxima-
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Fig. 1

tion. Stepanov [11] and Rachkovskii [12] subse-
quently derived more exact expressions for the
scattering matrices for a number of special transi-
tions in the system of parameters which they
adopted. However, the parameters I, do not intro-
duce the required simplification since the matrix
Djx does not become diagonal simultaneously with
Njk- Below, we shall derive the scattering ma-
trix in a magnetic field for the usual Stokes par-
ameters, using the method employed by Stepanov
in [11].

As an example, let us consider the derivation
of the scattering matrix for the transition with
j =1 for the upper level, and j = 0 for the lower
level. Examples of such lines are the resonance
line of mercury A 2537 A and the well-known
magnetic line of iron A 5250.22 ‘A.

Suppose that arbitrarily polarized radiation
is incident on an ensemble of such atoms in a mag-
netic field. We shall take the axes of the coor-
dinate system as shown in Fig. 1, where the z
axis lies along the direction of propagation and the
x axis lies along the projection of the magnetic
field onto the plane of observation. Absorption
at each level can then be written [6] in the form

cos P’
—v. )

s 9 Y
My = k(1 SBW 4 g, SEV),

2 2

1 2 als? 02 A
ATy = I (1 1S — oIy

1+ cos®’ sin? ¢’

AJ, =k, (1 < Q- 2

V. "°§“")-<4>

Radiation reaching an atom from any par-
ticular direction characterized by the angle ¥' is
scattered in all directions. For the scattered
radiation we shall select a set of coordinates as
above, which will not be linked with the new direc-
tion of propagation. The x and y axes, which are
linked with the projection onto the plane of ob-
servation, will then occupy new positions.

In this system of coordinates the radiation
from each level can be written in the form

61 b/ o,
E.=EocosPcos @t | L, = osin P cos of |1, = M, cosPcos ot
&, = & sin ot y=0 1y, = — 1 sin ot

(5)

Hence, the Stokes parameters for radiation
from each of the sublevels are

It =8 (1 + cos* ) | I =L sin® | I, = 1 (1 + cos? )
Qi= —§’sin*p Qp=10o"sin® | @, = — ne®sin®
U;=0 Up,=0 U,=0

Vi = 282 cos ¢ Vpo=0 V =—2n2cos¥

We can combine these parameters if we assume
that the radiation is emitted independently by the
atoms in the ensemble:

I'= (&2 4 n®) (1 + cos? {) + Zo? sin? ¢,
Q = — (§02 + 7]02) sin? q’ + ;02 sin? "P, (6)
U=0o, ,

V = 2(—&"* + ne®) cos ¥.

For the transition j= 0, Aj =1, we have

B2 = ilelkl; G = Apkp, M = Yodskr. (M)

The normalizing factors Az, Ap, and Ay can
be found from the law of conservation of energy
for each level:

$ndo=nan, $Ldo=ars, $Ido=a7s. @

= 4an . 4
It is evident that
1 2 ‘e 8
Swdm=831n?'\pdm=%. )

in which case
2 ’
4=2 .L[I. 1+ cos?y’

2 im 4
sinZp cos tb'] ‘ (10)
_— Q. Z 14 5 ’

2

3 1, 14 cos?y
Ar——-——'i"' ZR I' 4
T2 7’ 4
—q. BY gy oV ] 12)

Using Eqgs. (6), (7), (10), and (12), we can write
down at once the components of the scattering matrix:

© American Institute of Physics * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1965SvA.....9...77O

BSVA DI 7700

I'I_

SCATTERING MATRIX FOR RADIATION IN A MAGNETIC FIELD 79

Fig, 2. In the text the angles % and y'
correspond to y and y'.

D3 [kl+kr (1 + cos?¥) (1 + cos? )
n=-u z 2

+ k-zl sin? 1 sin? \p'] ,

3 k 1 2y ., .,
D1z=-2—[— '-Zk' +c2051p51n2'¢

+% sin? Psin? \p'] )
3 k—k 1 —!—'cos*\p

D14=?~ R — cosy’ s
Dy = ;;»_ [_kz-zk, 1+ c-czws%p’ sin?
+ 5 st psintyr | b(13)
Dy = %— [k;-i—__k, . | sin; v Sil.lz'lp + kz—"sinzxp sin? 11:'1
Dy = — i; [ﬁ;—kl . '_sinzﬁ costp':l ,
Dy= % K Z ki (1 + cos? ) cos P,

Dy= — % o _4_ Bt gins P’ cos \i),
D, = % E _2,_ ki cos Y’ cos P,

st = D31 = Dzs = Dsz = Dss = D34 = D&s =0.

The scattering matrices for other transitions
can be established in a similar way. It may be
shown that the scattering matrix for the transi-
tion j =1, Aj=-1, which is not reproduced here,
is equivalent to the scattering matrix used by
Rachkovskii [12].

In comparisons with experiment [14-16] it
must be remembered that the matrix (13) connects
the Stokes parameters for the absorbed and scat-

tering radiation in different coordinate systems,
which is connected with the changed position of the
plane of observation after scattering (Fig. 2). If
we let X represent the angle between the line of
intersection of the planes of observation and the
projection of the magnetic field, we can relate ¥
and X to ¥'and X' with the aid of the scattering
angle 0:

cosp = cos’ cos® — sin 4’ sin y’ sin 6, (14)
sin P’ sin %’ cos 0 4 cos 1 sin 0 . 5
tan ¥, S Cos Y . (15)

The usual rotation transformation can be written
in the form

1 0 0 0
n_ [0 cos2(x—x) sin2(x—x)0
Lix—x)=1o —sin2(x—y) cos2(x—y) 016
0 0 0 1

The magnitude and direction of the polariza-
tion obtained from (13) and (16) are in good agree-
ment with Hanle's measurements on the 2537 A
polarized resonance line of mercury in an external
magnetic field [14, 15, 16].

The polarization predicted by (13) can also be
compared withVan Vleck's formula [16], which
has been verified experimentally. According to
this formula, the magnitude of the polarization
for the transition j = 0, Aj =1 in the case of ex-
citation by linearly polarized light and observa-
tion at right-angles to the magnetic field is givenby

__3cos?0—1

P= 1+ cost0 ' an

where 6 is the angle between the electric vector
in the exciting light and the magnetic field. I we
denote the angle between the electric vector E
and the projection of the magnetic field H onto the
plane of observation by ®, then

, cos@
Sy = Cosd (18)
Q = I cos 2. 9)

Substituting (18) and (19) into (13) and assum-
ing that the field is small (k; =kp=kr=k),we obtain
Van Vleck's formula (17) for ¥ = 7/2.

It gives me pleasure to thank G. V. Rozenberg
for helpful discussions.
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All abbreviations of periodicals in the above bibliography
are letter-by-letter transliterations of the abbreviations as
given in the original Russian journal. Some or all of this
periodical literature may well be available in English transla-
tion. A complete list of the cover-to-cover English translations
appears at the back of this issue.
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